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, $X$ , $\pi_{1}(X)$ ( )
, $\pi$ : $\overline{X}arrow X$ . , $\hat{\pi}_{1}(X)$
: $\pi_{1}(X)$ profinite completion, $\pi_{1}(X)arrow\hat{\pi}_{1}(X)$ $X$





1A. What is aconjecture of Shafarevich.
$X$ $\overline{X}$ $\mathbb{C}^{n}$ $\mathrm{B}^{n}$ , ,
, Poincar\’e , , . $X$
, $\overline{X}=\mathbb{C}^{n}$ , . , $X$
( , , ) , $\overline{X}$
. $X$ ,
, Shafarevich
$\mathrm{a}$ , “Basic Algebraic Geometry” [Shafarevich74, IX.4.3]
, ( , , “Shafarevich
conjecture” (11 ” ?)
)





(1) $\mathrm{Y}$ $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ {yn}n $N$ , $\mathrm{Y}$
$f$ $\sup_{n\in \mathrm{N}}|f(y_{n})|=+\infty$ .
(2) $\mathrm{Y}$ $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ 2 $(y, y’)$ , $\mathrm{Y}$ $f$ $f(y)\neq$
$f(y’)$ .
(3) $\mathrm{Y}$ $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ $\mathrm{Y}$ .
L3. $\mathrm{Y}$ .







(2) $\mathrm{Y}$ \Leftrightarrow $S$
$f$ : $\mathrm{Y}arrow S$ .
Remmert reduction .
(3) $\mathbb{C}^{n}$ $D$ , $D$ \Leftrightarrow D \Leftrightarrow $p\in\partial D$
, $D$ .
, 1.3(2) $\overline{X}$ (
) , $\overline{X}$ ,
, $X$ ml ntage .
$\overline{X}$ . $\overline{X}$ Remmert reduction $\tilde{f}$ : $\overline{X}arrow\tilde{S}$
. $\pi_{1}(X)$ $\overline{X}$ $\tilde{S}$ ,
Sh(X) $:=\tilde{S}/\pi_{1}(X)$ , $\mathrm{s}\mathrm{h}_{X}$ : $Xarrow \mathrm{S}\mathrm{h}(X)$ .





$arrow$ Sh(X) $arrow$ Alb(X)
$\mathrm{s}\mathrm{h}_{X}$ : $Xarrow \mathrm{S}\mathrm{h}(X)$ Shafarevich map .
, $\overline{X}$ ,
. Kou\’ar , ,
,
. , , $\overline{X}$
.
, ( ) , Nori (cf. [Kou\’ar, 18.21])
( , Remmert reduction $\tilde{f}:\overline{X}arrow\tilde{S}$ ).
, , $X$ .
1.4. $Z_{1},$ $\ldots,$ $Z_{k}$ $X$ , 9 $Z:= \bigcup_{\dot{\iota}=1}^{k}Z_{\dot{l}}$ .
$\mathrm{i}\mathrm{m}[\pi_{1}(Z_{\dot{\iota}})arrow\pi_{1}(X)]$ , $\mathrm{i}\mathrm{m}[\pi_{1}(Z)arrow\pi_{1}(X)]$ .
1B. What is known about Shafarevich’s conjecture.
( , \S 2 )
.
(1) 1 . .
(2) . $\overline{X}$
$\mathbb{C}^{q},$ $q=\dim H^{0}(X, \Omega_{X}^{1})$ , , .
Shafarevich map .
16
(3) $\overline{X}$ $\mathbb{C}^{n}(n=\dim X)$ . $\overline{X}$ , Sh(X) $=X$ .
Siegel , . $X$
“large fundamental group ” .
(4) ,
. :Hopf $\mathrm{Y}$ .
$\tilde{\mathrm{Y}}=\mathbb{C}^{2}-\{0\}arrow \mathrm{Y}:=\mathbb{C}^{2}-\{0\}/\sim$ ,
$(z_{1}, z_{2})\sim(\alpha_{1}z_{1}, \alpha_{2}z_{2}),$ $\alpha_{i}\in \mathbb{C},$ $|\alpha_{i}|>1$ .
1.1 Koll\’ar .
(5) [Gurjar87] 2 $\kappa(X)$ 1 . ( )
, . , 2 .
[K011\’ar93b] , , 1.1
(6) [KatzarkOv97] $\pi_{1}(X)$ .
Shafaravich map .
.
(7) . Mok, Jost, Zuo, ...
2. ALBANESE MAp, SHAFAREVICH MAp, LARGE FUNDAMENTAL GROUP
\S 1A Koll\’ar .
$2\mathrm{A}$ . Abelian Theory.
Irregular varieties
([Uen075] ). $q(X)=\dim H^{0}(X, \Omega_{X}^{1})=2^{-1}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\mathbb{Z}}H_{1}(X, \mathbb{Z})>0$ .
:
albx : $X\alpha_{X}\vec{(2)}A(X)\beta_{X}\vec{(1)}\mathrm{A}1\mathrm{b}(X)$ .
$Z\subset X$ ,
$\alpha_{X}(Z)=\mathrm{a}$ point $\Leftrightarrow\#\mathrm{i}\mathrm{m}[H_{1}(Z, \mathbb{Z})arrow H_{1}(X, \mathbb{Z})]<\infty$ .
, $\mathrm{a}1\mathrm{b}_{X}$ : generically $\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}\Leftrightarrow$ $Z\subset X$ ,
$\#\mathrm{i}\mathrm{m}[H_{1}(Z, \mathbb{Z})arrow H_{1}(X, \mathbb{Z})]=\infty$ .
, 2
.
$(2\mathrm{A}.1)$ generically finite .
$A(X)$
. , [Green-Lazarsfeld87] [Green-Lazarsfeld91]
[Ein-Lazarsfeld97] , . \S 6
.
17
$(2\mathrm{A}.2)$ , $\alpha_{X}$ : $Xarrow A(X)$ .
$2\mathrm{B}$ . Non-Abelian Theory.
Abelian theory $2\mathrm{A}$ , \S 1A $\mathrm{s}\mathrm{h}_{X}$ : $Xarrow \mathrm{S}\mathrm{h}(X)$
: $X$
, $S$ $f$ : $Xarrow S$ ,
$Z\subset X$ ,
$f(Z)=\mathrm{a}$ point $\Leftrightarrow\#\mathrm{i}\mathrm{m}[\pi_{1}(Z)arrow\pi_{1}(X)]<\infty$
. $\pi_{1}(X)arrow H_{1}(X, \mathbb{Z})$ ,
. \S 2A .
$(2\mathrm{B}.1)$ $f$ : $Xarrow S$ generically finite ( birational)
.
$(2\mathrm{B}.2)$ , $f$ : $Xarrow S$ .
$2\mathrm{C}$ . Large fundamental group.
$(2\mathrm{B}.1)$ Kou\’ar (cf. [Ko \’ar, 41-46])
. ( : \S 2B $f$ : $Xarrow S$ )
2.1. (1) $X$ $\pi_{1}(X)$ : $\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ $Z\subset X$
, $\#\mathrm{i}\mathrm{m}[\pi_{1}(\overline{Z})arrow\pi_{1}(X)]=\infty$ . $\overline{Z}arrow Z$ .
(2) $X$ $\pi_{1}(X)$ :generica $\mathrm{y}$ $\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{e}\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$
$Z\subset X$ , $\#\mathrm{i}\mathrm{m}[\pi_{1}(\overline{Z})arrow\pi_{1}(X)]=\infty$ .
“ $Z\subset X$” , $X$ $D_{:}\neq X$






- 2.2. (1) $X$ $\pi_{1}(X)$ $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ $\overline{X}$
.
(2) $X$ $\pi_{1}(X)$ $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ $\overline{X}$
.
$\hat{\pi}_{1}(X)$ .
23. (1) $X$ $\hat{\pi}_{1}(X)$ $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ $Z\subset X$
, $\#\mathrm{i}\mathrm{m}[\hat{\pi}_{1}(\overline{Z})arrow\hat{\pi}_{1}(X)]=\infty$ \Leftrightarrow X--
.
(2) $X$ $\hat{\pi}_{1}(X)$ $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$




(1) Ball quotient , large $\pi_{1}$ , ,
large $\pi_{1}$ .
(2) Generically large $\pi_{1}$ . Generically
large $\hat{\pi}_{1}$ .
(3)(Generically)large $\hat{\pi}_{1}\Rightarrow(\mathrm{G}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y})$ large $\pi_{1}$ .
1.1 .
25. Large $\pi_{1}(X)\Leftrightarrow\overline{X}$ .
3. SHAFAREVICH MAP
Shafarevich map .
3.1. [Koll\’ar, 3.6] Sh(X), $\mathrm{s}\mathrm{h}_{X}$ : $X–*\mathrm{S}\mathrm{h}(X)$ ,
(Hausdorff) $X^{0}\subset X,$ $S^{0}\subset \mathrm{S}\mathrm{h}(X)$ , (1)$-(4)$ .
(1) $X^{0} \supset X\backslash \bigcup_{i\in \mathrm{N}}D_{i}$ . $D_{i}$ $D_{i}\neq X$ $X$ .
(2) $\mathrm{s}\mathrm{h}_{X}|_{X^{0}}$ : $X^{0}arrow S^{0}$ , , .
(3) $s\in S^{0}$ $X_{s}$ , $\#\mathrm{i}\mathrm{m}[\pi_{1}(X_{s})arrow\pi_{1}(X)]<\infty$ .
(4) (1)$-(3)$ $h:X–*S$ , $f$ : $S–*\mathrm{S}\mathrm{h}(X)$
, $f\circ h=\mathrm{s}\mathrm{h}_{X}$ .
, $\hat{\pi}_{1}(X)$ , , variants .
[Campana94] [K011\’ar93a] [Koll\’ar]
.
Shafarevich map , $\overline{X}$
$\mathcal{V}=\{V_{t}\}_{t\in T}$ , $\bigcup_{t\in T}V_{t}$ $\overline{X}$ dense, $\dim V_{t}$ .
, $X$ $\pi(\mathcal{V}):=\{\pi(V_{t})\}_{t\in T}$
Shafarevich map Hilbert scheme
. , . Koll\’ar
, . ,




. 1J , $\overline{X}\backslash \bigcup_{t\in T}V_{t}$ . Nori 1.4
.
32. (1)Generically large $\pi_{1}(X)$ , $\mathrm{s}\mathrm{h}_{X}=\mathrm{i}\mathrm{d}_{X}$ ; $Xarrow \mathrm{S}\mathrm{h}(X)=X$ .
(2) $\mathrm{s}\mathrm{h}_{X}$ : $X–*\mathrm{S}\mathrm{h}(X)$ .





. Kolli 4.1 , large $\pi_{1}$
.
. $K_{X}$ $X$ ( ) , ( ) $L$
$K_{X}+L$ . , $K_{X}+L$ , , very
ampleness , (cf. [KMM]). $X$ $L$ big
,
Jim $\sup\dim H^{0}(X, mL)/m^{n}>0$ ,
$n=\dim X$ , . bigness :
$A$ , $m$ , $D$ $mL\sim A+D$ .
4.1. [Kou\’ar, 14.5, 16.2] $\hat{\pi}_{1}(X)$ generically large . $X$
big $L$ , $H^{0}(X, K_{X}+L)\neq 0$ .
$(2\mathrm{B}.1)$ . , $(2\mathrm{B}.2)$ , 4.1
Kou\’ar .
4.2. [Kolli, 189] $F$ Shafarevich map $\mathrm{s}\mathrm{h}_{X}$ : $X–*\mathrm{S}\mathrm{h}(X)$
. $L$ $X$ big $H^{0}(F, K_{F}+L|_{F})\neq 0$ .
$H^{0}(X, K_{X}+L)\neq 0$ .
[Eyssidieux99], $[\mathrm{T}\mathrm{a}\mathrm{k}\mathrm{a}\mathrm{y}\mathrm{a}\mathrm{m}\mathrm{a}99\mathrm{a}]$ .
4.3. $\pi_{1}(X)$ generically large . $X$ big $L$ ,
$H^{0}(X, K_{X}+L)\neq 0$ .
4.4. 4.2 $L$ ( ( $\mathrm{n}\mathrm{e}\mathrm{f}$-big) big
) .
, .
4.5. [Koll\’ar, 16.3, 16.4] $[\mathrm{T}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{a}\mathrm{y}\mathrm{a}\mathrm{m}\mathrm{a}99\mathrm{b}]X$ ( $K_{X}$ big) generically
large $\pi_{1}(X)$ . ,
(1) $m\geq 2$ , $\dim H^{0}(X, mK_{X})\geq 1$ .
(2) $m\geq 4$ , $\dim H^{0}(X, mK_{X})\geq 2$ .
(3) $m>10^{n}(n=\dim X)$ , $|mK_{X}|$ .
[Mumford79] :2 ba quotient $X$ $K_{X}$ , $H^{0}(X, K_{X})=0$,
4.5(1) .
, , :
$X$ , (i) $n$
$m_{n}$ , $m>m_{n}$ $|mK_{X}|$ , (ii)
$R(X):=\oplus_{m=0}^{\infty}H^{0}(X, mK_{X})$ $\mathbb{C}$ .
20
5. METHOD OF PROOF AND EXISTENCE OF $\mathrm{A}_{\mathrm{U}\mathrm{T}\mathrm{O}\mathrm{M}\mathrm{O}\mathrm{R}\mathrm{P}\mathrm{H}\mathrm{I}\mathrm{C}}$ FORMS
4.1, 43 (large $\hat{\pi}_{1}(X)$ , large $\pi_{1}(X),$ $L$ : )
, . 4.1 43 , (
) , , – 4.1
. .
, \S 4 , .
$5\mathrm{A}$ . Effective base point freeness of adjoint bundles.
$X$ $n$ $(\pi_{1}(X),\hat{\pi}_{1}(X)$ ),
$L$ $X$ .
$L$ $x\in X$ “ ” ,
$(5\mathrm{A}.1)$
$s(x)\neq 0$ $s\in H^{0}(X, K_{X}+L)$ .
$L$ $x\in X$ “ ” , $d,$ $1\leq d\leq n$ ,
, “ ” $m_{d}$ , $x$ $d$ $Z$
, $L^{d}\cdot Z\in \mathrm{N}$
$L^{d}\cdot Z>m_{d}$
. , $L$ “ ”
. , $d$ $Z$ ,
$\dim H^{0}(Z, \mathcal{O}(kL))\sim\frac{L^{d}\cdot Z}{d!}k^{d}$ k\rightarrow + $(5\mathrm{A}.2)$
.
$m_{d}$ “ ” , , (cf.
[Koll\’ar, 14.3] $)$ $m_{d}=n^{d}$ “ ” . $|K_{X}+(n+1)L|$
( . $X=\mathrm{P}^{n},$ $L=\mathcal{O}(1)$
). , 4 [Reider88] [Ein-Lazarsfeld93]
[Kawamata97].
$m_{d}>( \frac{1}{2}n(n+1))^{d}$
\mbox{\boldmath $\zeta$} ’’ . [Angehrn-Siu95] . [Helmke99]
, , , $m_{d}$ $n$ $d$
, .
[Koll\’ar] [K011\’ar93a] (md\sim n\rightarrow .
, $d,$ $1\leq d\leq n$ , , $d$ $x\in X_{1}\subset$
$\ldots\subset X_{d}\subset\cdots\subset X_{n}=X$ , $L^{d}\cdot X_{d}>m_{d}(1\leq d\leq n)$ , $s(x)\neq 0$
$s\in H^{0}$ ($X,$ $K_{X}$ $L$ ) . $X_{n-1},$ $\ldots,$ $X_{1}$ ,
, $L^{d}\cdot X_{d}$




$5\mathrm{B}$ . Large $\hat{\pi}_{1}(X)$ case.
$\hat{\pi}_{1}(X)$ , $p:\mathrm{Y}arrow X$ ,
, $\deg p>m_{n}(:=(n(n+1)/2)^{n})$ , .
.
(1) $(p^{*}L)^{n}=(\deg p)L^{n}$ .
(2) $\chi(\mathrm{Y}, K_{\mathrm{Y}}+p^{*}L)=(\deg p)\chi(X, K_{X}+L)$ .
(2’) $\dim H^{0}(\mathrm{Y}, K_{Y}+p^{*}L)=(\deg p)\dim H^{0}\{X,$ $K_{X}+L)$ .
, $\chi(X, K_{X}+L)=\sum_{q=0}^{n}(-1)^{q}\dim H^{q}(X, K_{X}+L)$ , (2’) (2)
: $H^{q}(\mathrm{Y}, K_{\mathrm{Y}}+p^{*}L)=0,$ $H^{q}(X, K_{X}+L)=0(q>0)$ .
$\hat{\pi}_{1}(X)$ large . ,
$V_{1},$
$\ldots,$
$V_{k}\subset X$ , $p:\mathrm{Y}arrow X$ , $(p^{*}L)^{d}$ .${}^{\mathrm{t}}V_{i}’>m_{d_{t}}$
, $V_{1}’$. $p^{-1}(V_{\dot{l}})$ , $d_{\dot{l}}=\dim$ V4
. ($p^{*}L$ )
$p:\mathrm{Y}arrow X$ . $\mathrm{Y},p^{*}L$ \S 5A: Effective base point froeness
, $H^{0}(\mathrm{Y}, K_{\mathrm{Y}}+p^{*}L)\neq 0$ , ,
$H^{0}(X, K_{X}+L)\neq 0$ .
$5\mathrm{C}$ . Large $\pi_{1}(X)$ case.
$\hat{\pi}_{1}(X)$ , ,
. 5.1 Atiyah $L^{2}$- 5.2 . 5.1
$\overline{X}$ (cf. [Kou\’ar, 18.18]).




$(\tilde{L}, \tilde{h})$ $arrow(L, h)$
$\pi:(^{\frac{\downarrow}{X}},\tilde{\omega})arrow(X\omega)]$
Serre (: $\mathcal{F}$ $q>0$ , $k$
$H^{q}(X, F\otimes L^{\otimes k})=0)$ , [$\mathrm{T}\mathrm{a}\mathrm{k}\mathrm{a}\mathrm{y}\mathrm{a}\mathrm{m}\mathrm{a}99\mathrm{a},$ \S 4A]:
5.1. $\mathrm{Y}$ $\overline{X}$ , , . ( $\mathrm{Y}$
$X$ ) $k>0$
$I^{k}:=\mathrm{I}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}$ $[H_{(2)}^{0}(\overline{X},\tilde{L}^{\otimes k})arrow H^{0}(\mathrm{Y},\tilde{L}^{\otimes k})]$
. , $k$ $\dim I^{k}=+\infty$ .
22
$H02(\ovalbox{\tt\small REJECT}, \ovalbox{\tt\small REJECT}^{\otimes k})$ $\ovalbox{\tt\small REJECT},$
$\ovalbox{\tt\small REJECT}\otimes k$ $\ovalbox{\tt\small REJECT}\otimes k$
. $H\ovalbox{\tt\small REJECT}_{)}(\ovalbox{\tt\small REJECT},$ $K_{X}$ , $\ovalbox{\tt\small REJECT}$ $\ovalbox{\tt\small REJECT} \mathrm{t}\mathrm{h}$ $L^{2}$-cohomoIogy .
, $(5\mathrm{A}2)$ , ( )
$\overline{L}^{d}\cdot \mathrm{Y}=+\infty$ ,
$d=\dim$Y. - 22“large $\pi_{1}(X)\Leftrightarrow\overline{X}$
” , $\tilde{L}$ , \S 5A: Effixtive
base point freeness , large $\pi_{1}(X)\Rightarrow H_{(2)}^{0}$ ( $\overline{X},$ $K_{\tilde{X}}$ $\overline{L}$ ) $\neq 0$ .
Atiyah $L^{2}$- ( ) [Atiyah76] [Koll\’ar, Chapter
6]. 5.2(2) , 4.3: $H^{0}(X, K_{X}+L)\neq 0$ .
52. (1) $\chi$($X,$ $K_{X}$ $L$ ) $=\chi_{(2)}(\overline{X}, K_{\tilde{X}}+\tilde{L}):=\Sigma_{q=0}^{n}(-1)^{q}\dim_{\pi_{1}(X)}H_{(2)}^{q}(\overline{X}, K_{\tilde{X}}+\tilde{L})$.




$\pi_{1}(X)$ $H_{(2)}^{q}(\overline{X}, K_{\tilde{X}}+\tilde{L})$ von-
Neumann , $\pi_{1}(X)$ $\dim_{\pi_{1}(X)}H_{(2)}^{q}$ ( $\overline{X},$ $K_{\tilde{X}}$ $\tilde{L}$) $=$
$(\#\pi_{1}(X))^{-1}\dim H^{q}(\overline{X}, K_{\overline{X}}+\tilde{L})$ . ,
52(1) $\chi$ ($X,$ $K_{X}$ $L$ )
. 5.2(2) 5.2(1) $X$
, $\overline{X}$ $L^{2}$ : $H_{(2)}^{q}(\overline{X}, K_{\tilde{X}}+\overline{L})=0(q>0)$ .
53. Automorphic form .
(1) $K_{X}$ big, generically large $\pi_{1}(X)$ , $L=K_{X}$
$H_{(2)}^{0}(\overline{X}, mK_{\tilde{X}})\neq 0(m\geq 2)$ .
(2) $E$ $X$ ( ) , $E=K_{X}$ . Generically large $\pi_{1}(X)$ , ,
$m>0$ $H_{(2)}^{0}(\overline{X},\tilde{E}^{\otimes m})\neq 0$ . $E$ big .
[GrOmOv91] Poincare’ (cf. [Koll\’ar, Chapter 13]).
6. SOME PROBLEMS
[Koll\’ar, Chapter 18] , .
$X$ $n$ .
6.1. [Koll\’ar, 18.8] $K_{X}$ , $\pi_{1}(X)$ large .
$\overline{X}$
$n$ .
, [GrOmOv91]. \S \S 4-5
, : $L$ $H^{q}(X, K_{X}+L)=0(q>0)$





6.2. [Koll\’ar, 18.11] $K_{X}$ , $\pi_{1}(X)$ large . $|3K_{X}|$
. (1)$-(3)$ .
(1) $X$ ball quotient .
(2) $X$ .
(3) $X$ $n$ .
6.3. [Kou\’ar, 18.13] $X$ ,
$H^{1}(X,\mathbb{C})\cong \mathbb{C}^{2n}$ $H^{0}(X, 2K_{X})\cong \mathbb{C}$ .
(1999 2 ) [Chen-HaconOl] .
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